Many interesting Cauchy problems arising in applications can be treated as tinite-dimensional perturbations of relatively simple problems. In most applications these perturbations take place via boundary conditions. It is the aim of this paper to investigate such Cauchy problems and especially the spectral properties of the corresponding generators. Some general results are obtained that unify several wellknown results for functional-differential equations and age-dependent population dynamics. Applications to control problems as well as some nonlinear generalizations will appear in forthcoming papers. 0 1985 Academic Press. Inc.
INTRODUCTION AND NOTATION
Let (X, 11 . 11) be a Banach space. A family (S(t); t 2 0) of continuous linear operators on X is called a C,-semigroup if S(0) = I (the identity map on X),
S(t +.s) = S(t) S(s) for all nonnegative S, t, lim S(t)x=x for all x E X. r-o+
The infinitesimal generator A of S(.) is defined by D(A)= XEX ,&I+ f (S(t)x-x)exists , i I I Ax=,~y+f(S(t)l-x).
For a detailed study of linear semigroups we refer to [4, 7, 83 , In particular, it is a classical result that the abstract Cauchy problem g (t) = Ax(t), t > 0,
admits a unique strong solution x(t, x,,) on [0, a) (i.e., ~(0, x0) =x0, u(t, x,,) is continuously differentiable on [0, co) and satisfies (1.1) there) iff A is the infinitesimal generator of a C,-semigroup S(.). In this case we have u( t, x0) = S(t) x0 for all t 3 0.
As already mentioned many Cauchy problems can be treated as perturbations of simple ones. It is the objective of these investigations to deduce some connections between these semigroups in case that the perturbation has finite-dimensional range. Such results are of fundamental interest for the investigation of the qualitative behavior of the corresponding solutions.
Throughout this paper we assume that A is the infinitesimal generator of a C,-semigroup on X. We assume that the perturbed operator B can be written as The matrix-valued function t + QS(t) P is locally absolutely continuous, and the function t + S(t) P has bounded variation.
In order to simplify the proofs we shall also impose without loss of generality (Hiv) P is one-to-one and Q is onto.
Note that the last hypothesis implies that Range P satisfies the condition of [3] and hence B is the infinitesimal generator of a C,-semigroup T(.) on x.
Examples of operators A and B will be given in Section 4. (See also [3] , where applications to boundary control problems for hyperbolic equations are discussed.) As a consequence of (Hiii) we can define a locally integrable matrix-valued function W (1.3)
Proof: The proof of (1.2) is an obvious generalization of the proof given in [3] , which yields the result in the special case L = 0. In order to verify (1.3) we have to observe that for any continuous function y: [0, co) -+ iw" we have QA j; s(t -s) Py(s) ds = Q (f j' S(t -s) Py(s) ds -4(t)) 0 =$ j;QS(t-S) Py(s)ds-QPy(t) = i ;;QS(t-s)Py(s)ds.
It is clear that the operator B does not determine the operators P and L in a unique manner. For instance, we may replace P by P, = (I-(I-pA) ~ ')P and L by L, = L + A(Z-pA) -'P, respectively, with l/p being an arbitrary element of the resolvent set of A. Since Range P is finite dimensional, we may choose p in such a way that the norm of P, becomes arbitrarily small. It is interesting, however, that the operator W is determined uniquely by B: PROPOSITION 2. Let P,, L, : R" -+ X be continuous linear operators so that for all y E IF!" PY-P,YEWA) and A(P,y-Py)+(L,-L)y=O.
Let W,(t)=(d/dt)QS(t)P,+QS(t) L,. Then W,(t)= W(t)for almost all t 3 0.
Proof For any t 2 0 and y E R" we have
In view of the above considerations we may assume without loss of generality that lIPI llQ[l < 1.
We next show that S(.) can be obtained from T(.) by the same construction that yields T(.) from S(.). 
COMPARISON OF THE SEMIGROUPS
We now turn to investigate the asymptotic behavior of the semigroups S(.) and T(.), respectively. To this end, we want to compare the spectra of their infinitesimal generators. An essential tool for this analysis is provided by the measure of noncompactness. Recall that for any bounded subset Q in X the (ball)-measure of noncompactness p(Q) is defined by p(Q) = inf{ s > 0 1 52 can be covered by a finite number of balls with radii less than or equal to 8).
For any continuous linear operator S on X we put where B denotes the closed unit ball in X. For elementary properties of this measure of noncompactness we refer to CQI. where in general the inequality holds. Nevertheless, we have the remarkable result (also due to [9] ) that Our first theorem shows that the essential growth rate of a semigroup is stable with respect to finite-dimensional perturbations: Proof: As the operator LQ is continuous and has finite-dimensional range, it is compact and hence o,(B) = or (A(Z+ PQ)). Without loss of generality, we may assume that PQ has one-dimensional range, so that B=A(l +pq*) with p.sX, q*EX*.
Thus ( 1.2) becomes T(t)x=S(t)x+ A {'S(t-s)pq*T(s)xds.

(1.4) Putting q(t, x) = q*S(t)x, ((t, x) = q*T(t)x
we thus obtain and d(t)=iq*S(t)p
T(t)x=S(r)x+AJ;S(t-s)p&,x)ds
Let p be the L:,,-function on [0, co) so that
where * denotes the convolution, and 6 is the unit for convolution. Then we get 5(t, x) = v(t, x) + j-,, At -s) vl(s, xl ds.
Making use of the fact that the operator p: r] + p*q regarded as an operator on C(0, t; R) is compact, we deduce that the mapping x+A j;S(t-s)p&s,x)ds-A j;S(r-s)pq(s,x)ds =A j;S(t-s)p j;p(s-r)q(r,x)drds is a compact linear operator on X. Note that the operator A J:, S( t -S) ds is continuous on X. From (1.4) we obtain using the subadditivity of the measure of noncompactness where U(t)x = A 1; S(t -s) pq*S(s)x ds.
Now we have for all x E X and t, s > 0
and hence
P(wQ)) GP(s(t) u(t)) + p(U(t) S(r)) g 2AS(t)) /-JU(U(t)).
Given any real 6 such that e -"p(S(t)) + 0 as t + co, we obtain e p26'p(U(2t))d2ep"'p(S(t))e-"'y(U(t)).
Choosing t sufficiently large so that 2e -"'p(S(t)) < 4 we get
which implies that e-6'p( U(t)) + 0 as t -+ co. Thus we have proven that e p6'p(S(t))+0 as t--t cc implies e p"'p(T(t))-+O as t-+m and hence the claim holds.
Remark.
If S(.) is ultimately compact, i.e., if there is a t, > 0 so that ,S(t,) is compact then clearly o,(A) = -co and we deduce that o,(B) = -oc too.
Moreover, we see that the spectrum of B can consist only of isolated eigenvalues each having finite multiplicity.
We next investigate the relation between the growth-rates of S(.) and T(.), respectively. i.e., there is a complex i and a nonzero x so that XE ker(l-B) but I. belongs to the resolvent set of A.
A simple calculation shows that
which yields Qx -@'(A) Qx = 0.
As Qx is nonzero (since otherwise (2.2) would imply x = 0) and belongs to ker( 1 -p(A)) the claim holds. Conversely, we shall show that for any q E ker( 1 -I?'(l))
belongs to ker(E, -B) and Qx = q. In fact, if q = l@(A)q and x is given by (2.3) we obtain QX = q. Moreover, we have
Hence (Z-t PQ)x E D(A) and an elementary calculation yields
i.e., x E ker( I* -B).
An interesting consequence of this result is that if w,(B) > o,(A) then we have a spectrum-determined growth condition for T(s), i.e., o,(B) = sup{Re 1 I i E g(B)} = sup{ Re A ( 1 is an isolated eigenvalue of B with finite multiplicity}.
Another corollary is that in the half-plane {A I Re131, >o,(A)} there can only be a finite number of eigenvalues of B which are all isolated and have finite multiplicity.
SPECTRAL DECOMPOSITION
So far, we have shown that the eigenvalues 1 of B with Re 2 > o,(A) can be determined uniquely by considering the matrix m(L). We are now going to examine this correspondence in more detail.
A particularly interesting case arises when these eigenvalues are not simple.
For all E. > o,(A) we put
Note that QL'(l) = @(A).
THEOREM 3. Let x0 ,..., x, E X he such that
In t' T(t)x,= C ,e"x,. ,=&I.
Then the vectors y, = Qxi satisfy the equation The proof is performed in several steps: If (3.5) holds for j-1 then we obtain (using the resolvent identity) 
Proof
Taking the Laplace transform in (1.2) for T(t) x0 we obtain %4 xo = (P -A) -'xo + WPL) Q%) xo.
Consequently,
Multiplying by (p -Ib)m + ' yields Conversely, assume that (3.6) holds. Then the first (m + 1) coefficients of the two Taylor series in (3.7) are equal and so (3.7) holds if we can show that
is a polynomial with degree less than or equal to m. Making use of (3.6) we see that the term (3.8) equals to By Lemma 4 the expressions in the bracket are polynomials with degree not exceeding m-j and hence the whole term yields a polynomial having degree less than or equal to m. As det( 1 -I@(L)) does not vanish identically and is analytic at A,, we conclude that Li is a zero of some finite order mi of det( 1 -@'(A)). Since Q(1-A) ~ r is analytic at Lj we infer that Q(2 -B) ~' has a pole at jUi whose order does not exceed mi. In order to verify the decomposition of X we make use of For the sake of completeness as well as for the reader's convenience we give the proof although this result follows by collecting the results and proofs given in (Kato [7, Chap. III, Sect. 61). As 3. is a pole, there exist simple contours I-, r' such that i E Int r' c Int r and r separates /1 from the other part of the spectrum of B.
We set Clearly, Ej. is a continuous linear operator X + X,. Moreover, As E, commutes with T(.) it is obvious that both Xj. and Y, are T(.)-invariant. Next, we show that (a -B) ' ( y, can be extended continuously to B = 2 thus implying that 1" belongs to the resolvent set of B 1 y,.. Let c,, be a sequence converging to 3.. For sufficiently large n we have u,, E Int I-and hence The last inequality implies that both (I+ P&) and (I+ OP) are continuously invertible. Let V(r)=(Z+P&)-'T(t)(~+P&). Clearly r(.) and U(.) have the same spectral and stability properties. As T(.) is generated by (I+ @)A -,uPo we deduce that U(.) is generated by A(Z+ PO) -pPQ which belongs to the class of infinitesimal generators considered above. Clearly, the characteristic determinant is given by
APPLICATION TO AGE-DEPENDENT POPULATION DYNAMICS
Let I(i, a) denote the density with respect to age a of a population at time 2, i.e., Here p(-) represents the mortality modulus, i.e., is the probability of survival from a, to a2, and b(.) denotes the birth modulus.
It is well known that using the method of characteristics we can solve this problem and obtain a unique solution I(t, a).
A natural state space for our considerations is X= L'(0, co; IW). Then it is easy to check that the family T(.) of continuous linear operators on X given by (T(tM)(a) = 46 a) is a Co-semigroup on X.
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If ,UE L" (note that clearly ,U is not integrable) we infer that the infinitesimal generator B of T(s) is given by (W)(a) = -d'(a) -Aa) #(a).
For simplicity we shall assume throughout that p E L"(0, co; W). The general case, which includes a lot of lengthy technicalities, will be discussed in a forthcoming paper.
Let A be the "unperturbed generator" corresponding to zero birth-rate, i.e., In case we deal with a scalar equation we obtain an easy characterization of the asymptotic behavior of ZJ.). In fact, the origin is exponentially stable iff all eigenvalues of B have negative real parts which holds iff 5 oz j(a) G(a, 0) da < 1. AS W'(n)Ij,=j,,=S~ ae--"'" /?(a) G(a, 0) da > 0 we conclude that 2, is a simple zero of det W(i). According to Theorem 4 we have a decomposition of x.
A direct analytic proof of these results is contained also in the forthcoming monograph of G. F. Webb [ 121. 
